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Recall Hn(X ,A) ∼= π0Map(X ,K (A, n))

More Generally, H(X ,Y ) ∼= π0Map(X ,Y )

This is “Nonabelian Cohomology” or with “Coefficients in a Space”

Surprisingly useful, in light of the ∞-category/homotopy perspective:

Almost everything is a space!
(if you try hard enough)
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Natural Question:

How much of “classical” cohomology theory goes through for nonabelian
cohomology?

Natural Instance of the Natural Question:

If X is a manifold, can we get some kind of Poincaré Duality?
That is, can we find a homology theory with H•(X ,Y ) ∼= H•

c (X ,Y )?

Natural Guess about the Natural Instance of the Natural Question:

Didn’t this talk have “homology” in the title?
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Indeed, this Nonabelian Poincaré Duality was one of the applications in
Alaya and Francis’s original paper on factorization homology.

The Factorization Homology of an n-manifold M with coefficients in
an (n disk-)algebra A is denoted

∫
M
A.

One can show that for any n-connective Y that

∫
M

ΩnY ≃ Mapc(M,Y )

(but we won’t)
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Why? What? How?

Following Lurie’s notes1, we recall one conceptual proof of classical
Poincaré Duality goes as follows:

We know what H•(Rn,A) must be, since we can just compute

H•
c (Rn,A) =

{
A • = n

0 • ≠ n

We know how to compute H•(M,A) by using Mayer-Veitoris,
covering M by copies of Rn

Precisely, one can show that

C•(M,A) ≃ colim−−−→
Rn⊆M

C•(Rn,A)

then take homology

1https://www.math.ias.edu/~lurie/282ynotes/LectureVIII-Poincare.pdf
Chris Grossack (they/them)
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Why? What? How?

It’s natural to try and follow this proof structure to define factorization
homology!

First, we know we need
∫
Rn Y to be Mapc(Rn,Y ) ≃ ΩnY

Next, we want to say that
∫
M
Y “should be”

colim−−−→
Rn⊆M

∫
Rn

Y

This turns out to not work, but allowing disjoint unions of Rns in
the cover solves the problem!

But (symmetric monoidal) functors from disjoint unions of Rn are exactly
n disk-algebras!

Is there a conceptual algebraic definition of what’s happening here?
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Why? What? How?

Recall Lawvere’s Functorial Semantics:

There are classifying categories G/A/R/etc. so that a
group/abelian group/ring/etc. is a finite product preserving functor
from the classifying category to Set.

We can fruitfully study relationships between algebraic theories by
studying the classifying categories
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There’s an obvious finite product functor j : A ↪→ R which remembers
only the abelian group operations.

Given a ring R (that is, a finite product functor R → Set) we can restrict
along this inclusion:

A R

Set

R

j

j∗R

This is the usual forgetful functor Ring → Ab!
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Why? What? How?

Can we go the other way?

Given an abelian group A, is there a way to freely extend our functor to
one defined on R?

A R

Set

j

A
?

This is exactly the problem solved by Left Kan Extension!

Moreover, Lanj(A) : R → Set is exactly the usual free ring on A
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Wasn’t this talk supposed to be about factorization homology?
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Why? What? How?

Let’s look at the category Dn whose objects are disjoint unions of Rns,
with smooth embeddings as maps.

Note this is a subcategory of the category of all n-manifolds with smooth
embeddings, Mann.

Moreover, a symmetric monoidal functor (Dn,
∐
) → (C,⊗) is exactly an

n disk-Algebra in C

Let’s take a second to see what this means when n = 2
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Why? What? How?

How can we extend an n disk-algebra A to a “Mann-algebra”?

Dn Mann

Spaces

A = ΩnY

j

?

Again our problem is solved by left kan extension!

We define
∫
(−)

A ≃ Lanj(A) : Mann → Spaces!

Analogous to a graded algebra, only the gradings are indexed by
(connected) manifolds. Moreover, we have operations between the
“graded pieces” corresponding to smooth embeddings.
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Why? What? How?

So now we (kind of) know what factorization homology is, and why we
might care. . . But how do we actually compute it?

The answer is Collared Excision!
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Why? What? How?

If M = M0 × R is a collared manifold, then the smooth embedding
M

∐
M → M induces an algebra structure

∫
M
A⊗

∫
M
A →

∫
M
A.
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Moreover, if N is a manifold with an M shaped collar, in the sense that it
has M as part of its boundary, the embedding N

∐
M → N gives

∫
N
A a

right (resp. left)
∫
M
A-module structure
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Which brings us to collared excision. If we have two manifolds N1 and N2
with common boundary component M, the natural smooth embeddings
into the pushout induce an equivalence
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For example, let’s compute
∫
S1 A when A is a 1-disk algebra in Ch. Indeed

when A is an honest-to-goodness algebra concentrated in degree 0.
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Thank You! ^_^
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Alaya and Francis’s A Factorization Homology Primer

Alaya and Francis’s original paper Factorization Homology of
Topological Surfaces

Cooke’s thesis Factorization Homology and Skein Categories of
Surfaces

Lurie’s lecture notes on Nonabelian Poincaré Duality

Recordings of Tanaka’s talks Factorization Homology, ∞-Categories,
and Topological Field Theories (on youtube)
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